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Abstract
Exact solutions of the time-dependent Schro¨dinger equation for a quantum
oscillator subject to periodical frequency δ-kicks are obtained. We show that the
oscillator occurs in the squeezed state and calculate the corresponding squeezing
coefficients and the energy increase rate in terms of Chebyshev polynomials.
The problem of quantum oscillator with a time-dependent frequency was solved in
refs. [1, 2, 3]. It was shown that the wave function and, consequently, all physical
characteristics of the oscillator can be expressed in terms of the solution of the classical
equation of motion
ǫ˙(t) + ω2(t)ǫ(t) = 0. (1)
(for detailed review see ref.[4]). The only remaining problem is to find explicit expression
for the ǫ-function. A lot of papers were devoted to that in the last two decades. One
can find an extensive list of references, e.g., in ref. [4]. Here we consider the interesting
case of periodically kicked oscillator, where the frequency depends on time as follows
ω2(t) = ω20 − 2κ
n−1∑
k=0
δ(t− kt), (2)
where ω0 is constant frequency, δ - is the Dirac delta-function. So we have the equation
for ǫ(t)-function
− ǫ¨(t)
2
+ κ
N−1∑
k=0
δ(t− kτ)ǫ(t) = 1
2
ω20ǫ(t). (3)
Obviously, upon the substitutions t → x, ǫ → ψ, ω20 → E, this equation (3) coincides
with the equation for the wave function of a quantum particle of unity mass in a Kronig-
Penney potential (a sequence of delta-potentials) [5]-[7]. The case κ > 0 corresponds
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to sequence of δ-barrier, while the case κ < 0 relates to sequence of δ-wells. For every
time interval (k − 1)τ < t < kτ the solution for (1,2) is given by
ǫk(t) = Ake
iω0t +Bke
−iω0t, k = 0, ..., N.
Due to continuity conditions
ǫk−1(kτ) = ǫk(kτ), −1
2
[ǫ˙k(kτ)− ǫ˙k−1(kτ)] + κǫk−1(kτ) = 0. (4)
(the latter is obtained by integrating eq. (1) over the infinitely small interval kτ−0 < t <
kτ +0, the coefficients Ak and Bk must satisfy some relations which can be represented
in matrix form

 Ake
iω0tk
Bke
−iω0tk

 =

 1−
iκ
ω0
− iκ
ω0
iκ
ω0
1 + iκ
ω0



 Ak−1e
iω0tk
Bk−1e
−iω0tk

 .
After a sequence of δ-kicks the coefficients An, Bn are connected with the initial ones
A0, B0 through the equation

An
Bn

 = S(n)

A0
B0

 = T−(n−1)(MT )n

A0
B0

 , (5)
with the matrices T, M given by
M =

 1−
iκ
ω0
− iκ
ω0
iκ
ω0
1 + iκ
ω0

 , T =

 e
iω0τ 0
0 e−iω0τ

 .
The matrix
S(1) ≡ S =MT =


(
1− iκ
ω0
)
eiω0τ − iκ
ω0
e−iω0τ
iκ
ω0
eiω0τ
(
1 + iκ
ω0
)
e−iω0τ


is unimodular: detS = 1. It can be shown (see, e.g., ref. [8]), that all the powers of
two-dimensional unimodular matrices can be expressed as linear combinations of the
matrices can be expressed as linear combinations of the matrices themselves and the
identity matrix, the coefficients being Chebyshev polynomials of the second kind whose
2
arguments are expressed in terms of the traces of the initial matrices (E is the identity
matrix)
Sn = Un−1(cosφ)S − Un−2(cosφ)E, cosφ = 1
2
TrS =
χ
2
. (6)
We use the following definitions of the Chebyshev polynomials [9]
Un(cosφ) =
sin [(n + 1)φ]
sinφ
, Un(χ) =
[
χ+ (χ2 − 4) 12
]n+1
−
[
χ− (χ2 − 4) 12
]n+1
2n+1 (χ2 − 4) 12
. (7)
In the case under study
χ
2
= cosφ = cosω0τ +
κ
ω0
sinω0τ.
Thus the matrix elements of the matrix S(n) can be written as follows
S
(n)
11 =
(
1− iκ
ω0
)
Un−1(
χ
2
)e−iω0(n−2)τ − Un−2(χ
2
)e−iω0(n−1)τ ,
S
(n)
12 = −
iκ
ω0
Un−1(
χ
2
)e−iω0nτ , S
(n)
21 =
iκ
ω0
Un−1(
χ
2
)eiω0nτ ,
S
(n)
22 =
(
1 +
iκ
ω0
)
Un−1(
χ
2
)eiω0(n−2)τ − Un−2(χ
2
)eiω0(n−1)τ .
If ǫ(−0) = 1, ǫ˙(−0) = iω0 at the initial time, then A0 = 1, B0 = 0, so An =
S
(n)
11 , Bn = S
(n)
21 . If at the initial time, t < 0, a quantum oscillator was in a coherent
state, a parametric excitation will transform it into a squeezed correlated state with
the coordinate variance σxx(t) =
h¯|ǫ|2
2mω0
[4]. So after a sequence of δ-kicks one has
σxx(t) =
h¯
2mω0
(
U2n−1 + U
2
n−2 +
2κ
ω0
U2n−1 sin[2ω0(t− (n− 1)τ)]− χUn−1Un−2
+
4κ2
ω20
U2n−1 sin
2[ω0(t− (n− 1)τ)]− 2κ
ω0
Un−1Un−2 sin[2ω0(t− (n− 1
2
)τ)]
)
.
The correlation between coordinate and momentum in a correlated squeezed state is
not equal to zero [4]
|σxp(t) = 1
2
h¯
(
1− |ǫǫ˙|2/ω2
)1/2
.
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After a sequence of δ-kicks it has the form
σxp =
h¯
2
{[
(1 + 2
κ2
ω20
)U2n−1 + U
2
n−2 − χUn−1Un−2
]2 − [2κ
ω0
U2n−1 sin[2ω0(t− (n− 1)τ)]
− 2κ
2
ω20
cos[2ω0(t− (n− 1)τ)]− 2κ
ω0
Un−1Un−2 sin[2ω0(t− (n− 1
2
)τ)]
]2 − 1} 12 .
The dimensionless energy of the quantum fluctuations W = 2E/h¯ω0 (normalized by
the ground state energy h¯ω0/2) after the n kicks equals
W = (mω0/h¯)σxx(t)+σpp(t)/h¯mω0 = U
2
n−1(
χ
2
)+U2n−2(
χ
2
)+
4κ2
ω20
U2n−1(
χ
2
)−χUn−1(χ
2
)Un−2(
χ
2
).
(8)
As was shown [10], the maximum coefficients of the squeezing and of the correlation
are expressed through the dimensionless energy of the fluctuations as follows,
rmax = (1− 1/W 2)1/2, k2max =
1 + (1− 1/W 2)1/2
1− (1− 1/W 2)1/2 .
In the case when the parameter χ/2 does not belong to the interval [−1, 1], the asymp-
totic formula for the Chebyshev polynomials [9] with n >> 1,
Un(x) =
√
n
2
√
n− 1(x
2 − 1)− 12
[√
x+ 1 +
√
x− 1
][
x+
√
x2 − 1
]n− 1
2 ,
gives rise to the asymptotic expression for the dimensionless energy of the fluctuations
(we suppose χ > 0),
W =
4κ2[x+ (x2 − 1) 12 ]2n
ω20(x
2 − 1) , x = χ/2.
If we choose the simplest case, when the interval between the kicks satisfies the condition
ω0τ =
π
2
+ 2πk, k = 0, 1, ... , the arguments of the Chebyshev polynomials are equal
to κ/ω0. When the strength of the delta-kicks κ is larger than the constant frequency
ω0, one gets the asymptotic formula
W =
4κ2[ κ
ω0
+ ( κ
2
ω2
0
− 1) 12 ]2n
ω20(
κ2
ω2
0
− 1) .
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In the case when κ/ω0 >> 1, the energy of the fluctuations increases exponentially with
the number of kicks
W = 4(2κ/ω0)
2n, n >> 1.
If the δ-kicks take place at moments given by ω0τ = 2πm, m = 0, 1, ... , then the
argument of the Chebyshev polynomials is equal to unity independently of the strength
of the δ-kicks. Then the energy increases much more slowly,
W = (1 +
4κ2n2
ω20
).
In the case when the strength of the δ-kicks is small, κ/ω0 << 1, and the interval
between the kicks is given by ω0τ =
π
2
+2πk, k = 0, 1, ... , the following inequality for
the maximum total energy can be obtained,
Wmax <
(
1 +
4n2κ2
ω20
)
.
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